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Abstract
A manifestly T-dual invariant formulation of bosonic string theory is dis-
cussed here. It can be obtained by making both the usual string compact
coordinates and their duals explicitly appear, on the same footing, in the
world-sheet action. A peculiarity of such a model is the loss of the local
Lorentz invariance which is required to be recovered on-shell. This dictates
a constraint on the backgrounds which characterizes the double geometry of
the target space. Constant and non-constant backgrounds are considered. In
the former case, the local Lorentz constraint implies the geometry of a double
torus with an O(D,D) invariance. In the latter, it is shown how and when the
O(D,D) invariance still holds and when deformations from it can be implied.
Results of the quantization of the free theory are also briefly exhibited.
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1 Introduction and Motivation
T duality is an old subject in string theory [1,2]. It implies that in many cases two
different geometries for the extra dimensions are physically equivalent. This means
that string physics at a very small scale cannot be distinguished from the one at
a large scale. In the simplest case of compactification of a spatial coordinate Xa
on a circle of radius R, T-duality is encoded by the simultaneous transformations
of R ↔ α′/R and pa ↔ wa, where pa is the quantized momentum of the string
and wa is its winding number. Under such transformations, the string coordinate
Xa along a compact dimension, sum of the left and right movers, is transformed
into the T-dual coordinate X˜a defined by their difference. The winding mode w
a
plays with respect to X˜a the same role as pa does with respect to the coordinate
Xa. On a torus T d, with strings in the background provided by constant metric
G and Kalb-Ramond field B, T-duality is described by an O(d, d;Z) symmetry.
Hence, it would be interesting to extend the standard formulation, based on the
Polyakov action, in a target space with the full duality group O(D,D), where all
of the D coordinates are doubled, thus looking for a manifestly T-dual invariant
formulation of string theory [3–13]. Introducing both of the coordinates Xµ and X˜µ
is required. If interested in writing down the complete effective field theory of such
generalized sigma-model, one should consider a dependence on both Xµ and X˜µ of
the fields associated with string states, in particular of the (G,B)-background. In
this sense, the gravitational double field theory effective action becomes a double
field theory [14–16] of which it is interesting to study symmetries and properties
that could shed light on aspects of string gravity unexplored thus far.
1
2 Double String Sigma Model
The general string double sigma model we are going to consider is described by the
following action [3]:
S = −T
2
∫
d2σ e
[
Cij∇0χi∇1χj +Mij∇1χi∇1χj
]
(1)
where eaα is the zweibein defined on the string world-sheet, e its determinant, the
functions χi (i = 1, . . . , 2D) are the string coordinates in a 2D-dimensional Rie-
mannian target space, Cij andMij are symmetric matrices that are, in general, con-
sidered to be functions of χi. Furthermore ∇aχi = e αa ∂αχi. This action represents
the extension to the case of 2D two-dimensional scalar fields of the Floreanini-
Jackiw Lagrangians [17], i.e. of the Lagrangians describing the dynamics of the
two-dimensional scalar fields φ±:
L±(φ±) = ±
1
2
φ˙±φ
′
± −
1
2
φ
′2
± (2)
that on shell become, respectively, chiral and antichiral fields, i.e. functions of σ±τ :
φ˙+ = φ
′
+ φ˙− = −φ′−. (3)
2.1 Symmetries, constraints and equations of motion
The action (1) is symmetric under diffeomorphisms σα → σ′α(σ) and Weyl transfor-
mations eaα → λ(σ)eaα. Instead, it is not manifestly invariant under local Lorentz
transformations: δeaα = α(σ)ǫ
a
b(σ)e
b
α but the theory is required to be locally
Lorentz invariant on shell. Since the variation of S under such transformations
results to be
δS
δeaα
δeaα = α(σ)
e
2
ǫabt
b
a , (4)
this requirement implies ǫabtab = 0 with t
b
a ≡ − 2T 1e δSδea
α
ebα while the Weyl invariance
dictates the condition ηabtab = 0 .
These local symmetries allow to fix the flat gauge e aα = δ
a
α . The constraint
ǫabtab = 0 can be rewritten in the following way:
[
Cij∂0χ
j +Mij∂1χ
j
]
(C−1)ik
[
Ckl∂0χ
l +Mkl∂1χ
l)
]
+
[
C −MC−1M]
ij
∂1χ
i ∂1χ
j = 0.
(5)
The equations of motion for χi result in:
∂1
[
Cij∂0χ
j +Mij∂1χ
j
]− ΓlikClj∂0χj∂1χk − 12(∂iMjk)∂1χj∂1χk = 0 (6)
2
where Γlik is the Levi-Civita connection constructed out of the matrix Cij. Bound-
ary conditions are given by:[(
1
2
Cij∂0χ
j +Mij∂1χ
j
)]σ=pi
σ=0
= 0. (7)
3 Constant background and emerging out of O(D,D)
When C and M are constant [3, 18], the equations of motion for χi drastically
simplify into
Cij∂0χ
j +Mij∂1χ
j = 0 , (8)
after using the further local gauge invariance exhibited by the action under shifts
as: δχi = f i(τ). This causes the constraint (5) to become C =MC−1M .
After rotating and rescaling χi, C can always be put in the diagonal form C =
(1, · · · , 1,−1, · · · ,−1) and χi becomes (Xµ+, Xµ−) (µ = 1, ..., D) with N+ = D eigen-
vectorsXµ+ associated with the eigenvalue 1 andN− = D eigenvectors X
µ
− associated
with eigenvalues −1, which guarantees the absence of a quantum Lorentz anomaly.
Hence, C becomes the O(D,D) invariant metric while the condition C = MCM
indicates that M has to be an O(D,D) element. It is possible to make a change
of coordinates in the 2D-dimensional target space: Xµ ≡ 1√
2
(Xµ+ +X
µ
−) ; X˜µ ≡
δµν
1√
2
(
Xν+ −Xν−
)
. The matrix C then becomes off-diagonal:
Cij = −Ωij ; Ωij =
(
0µν I
ν
µ
I
µ
ν 0
µν
)
while M results in being the generalized metric:
Mij =
(
(G−BG−1B)µν (BG−1) νµ
(−G−1B)µν (G−1)µν
)
. (9)
The sigma-model action is invariant under the combined O(D,D) transforma-
tions of χi and the matrix of the coupling parameters in M :
χ′ = Rχ ; M ′ = R−tMR−1 ; RtΩR = Ω ; R ∈ O(D,D).
If one considers the duality transformation R = Ω under which Xµ → X˜µ, then the
action, expressed in terms of Xµ and X˜µ, after such transformation, becomes:
S[X, X˜] = −T
2
∫
d2σ
[
∂0X
µ∂1X˜µ + ∂0X˜
µ∂1Xµ − (G− BG−1B)µν∂1Xµ∂1Xν
−(B G−1) νµ ∂1Xµ∂1X˜ν + (G−1B)µν∂1X˜µ∂1Xν − (G−1)µν∂1X˜µ∂1X˜ν
]
and exhibits what in string theory is the familiar T-duality invariance, in the pres-
ence of backgrounds, i.e. X ↔ X˜ together with a transformation of the generalized
metric given by M ′ =M−1, i.e.:
G+B ↔ (G+B)−1 ; G↔ (G− BG−1B)−1 ; BG−1 ↔ −G−1B . (10)
3
3.1 Correspondence to the Standard Formulation
In order to understand the relationship with the standard formulation, one can
integrate over X˜µ by eliminating the latter through the use of its equations of
motion. In the case of constant (G,B), one gets the standard sigma-model action:
S[X ] = −T
2
∫
d2σ(
√
GGmm + ǫmn)(G+B)µν∂mX
µ∂nX
ν
which describes the toroidal compactification under proper periodicity conditions
on X . If, instead, one eliminates X through its equation of motion one obtains the
dual model for X˜ :
S[X˜] = −T
2
∫
d2σ(
√
GGmn + ǫmn)[(G+B)−1]µν∂mX˜
µ∂nX˜
ν .
The generalized model action S[X, X˜ ] is therefore a first-order action which
interpolates between S[X ] and S[X˜ ] and is manifestly duality symmetric.
3.2 Duality Symmetric Free Closed Strings
From the above formulation it is easy to derive the free dual symmetric action. This
corresponds to the case in which:
C = −
(
0 1
1 0
)
and M =
(
G 0
0 G−1
)
(11)
with Gµν being the flat metric in the target space. One gets:
S0 = −
1
4πα′
∫
d2σe
[
∇0Xµ∇1X˜µ +∇0X˜µ∇1Xµ −Gµν∇1Xµ∇1Xν − G˜µν∇1X˜µ∇1X˜ν
]
with G˜µν = (G−1)µν , ∇a = e αa ∂α and µ = 1, · · · , D. This is invariant under
Xµ ↔ X˜µ together with Gµν ↔ G˜µν .
The free action S0 still describes D, not 2D, scalar degrees of freedom (only
the zero mode of X and X˜ are independent on-shell). S0 can be perturbated by
Sint[X, X˜ ] with the insertion of vertex operators involving both X and X˜ . If Sint
does not depend on X˜ one can integrate X˜ out of the path integral and reproduce
the usual results of the standard formulation.
Assuming that strings are compactified on a circle of radius R, one should expect
that when R >>
√
α′ the relevant interactions are Sint(X) ; at intermediate scales
R ≡
√
α′ the relevant interactions involve both X and X˜ while at R <<
√
α′ the
relevant interactions are Sint(X˜).
The duality symmetric formulation may be considered as a natural generalization
of the standard one at the string scale.
4
4 Non-Constant Backgrounds
One can introduce interactions and understand if the local Lorentz constraint still
holds under the form C = MCM in the presence of non-constant backgrounds
[3, 18]. In the case in which C = −Ω and M is only X-dependent (or only X¯-
dependent), then one must take into consideration the contribution coming from
the term [19] 1
2
(∂iMjk)∂1χ
j∂1χ
k in eq. (6). The equations of motion for Xµ and X˜µ
respectively become:
∂1
[
−∂0X˜µ + (G−BG−1B)µν∂1Xν + (BG−1) νµ ∂1X˜ν
]
=
1
2
∂1X
ν
[
∂µ(G− BG−1B)νρ∂1Xρ + ∂µ(BG−1)νρ∂1X˜ρ
]
= 0
and
∂1
[
−∂0Xµ + (−G−1B)µν∂1Xν + (G−1)µν∂1X˜ν
]
=
1
2
∂1X˜ν
[
∂¯µ(−G−1B)νρ∂1Xρ + ∂¯µ(G−1)νρ∂1X˜ρ
]
= 0
where ∂¯µ denotes the derivative with respect to X˜µ.
Also in this case, one can use the further invariance of the theory under the
shifts seen already above and get for X the following equation of motion:
− ∂0X˜µ + (G−BG−1B)µν∂1Xν + (BG−1) νµ ∂1X˜ν = 0
−∂0Xµ + (−G−1B)µν∂1Xν + (G−1)µν∂1X˜ν = 0. (12)
After substituting the latter equations in the condition ǫabt
ab = 0 in eq. (5),
which is valid for both constant and non-constant backgrounds, one can easily see
that the off-diagonal structure of C makes the first term vanish in eq. (5) and so one
again arrives at the condition C = MCM characterizing the O(D,D) invariance.
Hence, in this case, the constraint C = MCM is still valid and the expression forM
continues to be that in eq. (9) but now with X-dependent G and B. An analogous
result is obtained if one considers that C = −Ω and M is only X¯-dependent.
In the case in which C and M are both non-constant, actually with C and M
both depending only on X (or X¯), one has to consider, in the equations of motion,
also the contribution coming from −ΓlikClj∂0χj∂1χk. When rewritten explicitly,
this quantity vanishes whenever the index i in Γlik runs over the indices of X˜µ
and therefore it does not give any contribution to the equation of motion of this
coordinate. One can conclude that the condition C = MCM still holds under the
hypothesis that C and/or M are dependent only on X (or only X˜).
When both C andM depend on the coordinates χi, one can think to introduce a
small parameter ǫ =
√
α′
R
and to expand C and M up to the second order according
5
to:
C = C0 + ǫC1 + ǫ
2C2 ; M = M0 + ǫM1 + ǫ
2M2
By linearizing the condition ǫabt
ab = 0 and the equations of motion for the
coordinates, one gets, at the order ǫ, the following expression:
(ǫabt
ab)on-shell = −
1
2
Qij∂1χ
i∂1χ
j +O(ǫ)
with Q = C1− (C−10 M0)tM1−M1(C−10 M0) + (C−10 M0)tC1(C−10 M0) = 0. The above
condition can actually be derived by linearizing the condition C = MCM . At
this order of ǫ, the constraint C = MCM is still valid, being the first term in the
expression of the constraint (5) of order ǫ2. This means that the latter plays a
role starting from that order and the contribution coming from it adds to the term
proportional to (C −MCM) in eq. (5). Starting from the order ǫ2, it seems that
the O(D,D) invariance does not hold anymore and one can ask if the deformation
is compatible with O(D,D) [19].
5 Quantization of the Double String Model - Non
Commutativity
The Dirac quantization method, necessary because the theory is characterized by
primary second-class constraints [11], implies that Xµ and X˜µ behave like non-
commuting phase-space type coordinates:
[
X(τ, σ), X˜(τ, σ′)
]
=
i
T
Iǫ(σ − σ′) (13)
with ǫ(σ) ≡ 1
2
[θ(σ)− θ(−σ)]. but it can be shown that their expressions in terms of
Fourier modes generate the usual oscillator algebra of the standard formulation [11].
From this perspective, this non-commutativity may lead to the interpretation
of high-energy scattering in the X-space as effectively probing the X˜-space.
Acknowledgments
The author would like to deeply thank Olaf Hohm for many and very interesting
discussions. Thanks are also due to Hai Lin for providing his feedback on this topic.
The author is also grateful to the organizers of the Fourteenth Marcel Grossmann
Meeting - MG14 for the stimulating atmosphere they managed to create and for
their invitation.
6
References
[1] A. Giveon, M. Porrati and E. Rabinovici, Phys. Rept. 244, 77 (1994).
[2] J. Maharana, Int. Journal of Mod. Phys. A2013, 1330011 (2013) and references
therein.
[3] A. Tseytlin, Phys. Lett. B242 163 (1990) ; Nucl. Phys. B350 395 (1991).
[4] W. Siegel, Nucl. Phys. B238 307 (1984).
[5] M. J. Duff, Nucl. Phys. B335 610 (1990) .
[6] C. Hull, JHEP 0510 065 (2005).
[7] D. S. Berman and D. C. Thompson, Phys. Rept. 566, 1 (2014).
[8] K. Lee and J.-H. Park, Nucl. Phys. B 880, 134 (2014) ; J.-H. Park, JHEP 1306,
098 (2013).
[9] N. B. Copland, JHEP 04, 575 (2012) ; Nucl. Phys. B854 044 (2012).
[10] F. Pezzella, PoS CORFU2014, 158 (2015).
[11] L. De Angelis, G. Gionti S. J., R. Marotta and F. Pezzella, JHEP 1404, 171
(2014).
[12] I. Bandos, Phys. Lett. B751, 408 (2105).
[13] S. G. Nibbelink, Phys. Rev. D87 4 (2013) ; JHEP 1310 97 (2013).
[14] C. Hull and B. Zwiebach, JHEP 0909, 099 (2009).
[15] G. Aldazabal, D. Marques and C. Nunez, Class. Quant. Grav. 30, 163001
(2013).
[16] D. Lu¨st, O. Hohm and B. Zwiebach, Fortsch. Phys. 61 926 (2013).
[17] R. Floreanini and R. Jackiw, Phys. Rev. Lett 59, 1873 (1987).
[18] Chen-Te Ma, JHEP 1504 26 (2105) ; Nucl. Phys. B898 30 (2105).
[19] F. Pezzella, in preparation.
7
